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RESONANT LOCAL SYSTEMS ON COMPLEMENTS OF DISCRIMINANTAL 
ARRANGEMENTS AND sl 2 REPRESENTATIONS 

DANIEL C. COHENt AND ALEXANDER N. VARCHENKO* 


Abstract. We calculate the skew-symmetric cohomology of the complement of a discriminantal 
hyperplane arrangement with coefficients in local systems arising in the context of the represen¬ 
tation theory of the Lie algebra sfe. For a discriminantal arrangement in C fc , the skew-symmetric 
cohomology is nontrivial in dimension k — 1 precisely when the “master function” which defines 
the local system on the complement has nonisolated critical points. In symmetric coordinates, 
the critical set is a union of lines. Generically, the dimension of this nontrivial skew-symmetric 
cohomology group is equal to the number of critical lines. 


1. Introduction 

Let z = (zi ,..., z n ) be an n-tuple of distinct complex numbers, Zi ^ Zj for i ^ j, and let 
m = (mi,..., m n ) be an n-tuple of nonnegative integers. The “master function” 

k n 

(1-1) $fc,T» = JJ (t p -t q ) 2 

i=l j=l 1 <p<q<k 

corresponding to z and m arises in a number of contexts. For instance, hypergeometric integrals 
involving this function are used in p~G| to construct solutions of the sl 2 KZ differential equations. 
Furthermore, the critical point equations of the master function coincide with the Bethe ansatz 
equations for the si 2 Gaudin model, see ||, 

Let Ak,n be the discriminantal arrangement in <C k consisting of the hyperplanes Hf = {t-i = Zj} 
and H pq = {t p = t q } defined by the linear polynomials occuring in Denote the complement 

of Ak, n by X = X(Ak, n ) = C fc \HeA k ,r, H. For k G C*, the function defines a local system 
of coefficients C on X , with monodromy exp( 2 n inij / n) about the hyperplane Hf, and monodromy 
exp(—47ri /k) about H p q . These local systems are often resonant, in the sense that the monodromy 
about intersections of hyperplanes of Ak. n m ay be trivial. For applications in conformal field theory, 
the case where k is a positive integer (greater than 2 ) is of most interest. In this instance, the 
aforementioned hypergeometric integrals are integrals of algebraic functions, providing motivation 
for the study of these local systems. 

The symmetric group acts on C fc by permuting coordinates. This action preserves the com¬ 
plement X of Ak,m and also the local system £, as the monodromy about (resp., H c r( P ),a(q)) 

is the same as that about Hf (resp., H p , q ) for all er G E*,. Consequently, E/ c acts on the local sys¬ 
tem cohomology H*(X;C). Let H*_(X]C) denote the subspace of all skew-symmetric cohomology 
classes, those classes 77 for which a(rj) = for all cr G EThe purpose of this note is to 

determine the dimensions of these skew-symmetric cohomology groups. 

This determination is given in terms of the representation theory of the Lie algebra sl 2 . Let e, /, 
and h be the standard generators of sl 2 , satisfying [e,/] = h, [h,e] = 2 e, [h, f] = — 2 /. Let L a be 
the irreducible sl2-module with highest weight a G C. The module L a is generated by its singular 
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vector v a , which satisfies ev a = 0, hv a = av a . The vectors v a , fv a , jv a ,... form a basis for L a . If 
a is a nonnegative integer, then dim£ a = a + 1; otherwise L a is infinite-dimensional. 

For nonnegative integers mi,..., m n as above, the tensor product L® m = L mi ® ® L m „ is a 

direct sum of irreducible representations with highest weights \m\ — 2k, where 

\m\ = m\ H-+ m n 

and k is a nonnegative integer. Let w(m,k) denote the multiplicity of L\ m \- 2 k in L® m . Then 
w(m, k) > 0 if \m\ — 2 /c > 0 and w{m, k) = 0 if \m\ — 2k < 0 . 


Theorem 1.1. Let mi,... , m n be nonnegative integers, and let £ be the local system on the com¬ 
plement X of the discriminantal arrangement Ak,n induced by z, m)) 1 ^ for generic k. 

1. If0<\m\— k+1 < k, then Hf(X; C) = 0 for q < k— 1, dimU^ 1 (X; £) = w{m, \m\ — k+ 1), 

and dim H k (X;C) = w(m, \m\ — k + 1) + • 

2 . Otherwise, Hf(X-,C) = 0 for q^k and dim H l f(X;jC) = (" + ^ 2 )- 

In 13, i. Scherbak and the second author relate the critical set of the master function <Ffc ira (t; z, m) 
of ( 0 ) and the representation theory of the Lie algebra in the context of Fuschian differential 
equations. These results prompted us to investigate the behavior of local systems on the complement 
of the underlying discriminantal arrangement Ak,n induced by powers of the master function, our 
aim being to determine if the aforementioned relationship is reflected in the dimensions of the (skew- 
symmetric) local system cohomology groups. For the sake of comparison, we briefly state results 
from 0 Theorem 1] concerning the critical set of the function z,m). 


Theorem 1.2. Let mi,..., m n be nonnegative integers. 

1. If 0 < \m\ — k + 1 < k, then for generic z, the function d z, to) has only nonisolated 

critical points. In symmetric coordinates Ai = A 2 = ..., Xk = ti the 

critical set consists of w{m, \m\ — k + 1 ) lines. 

2. If \m\ — k + 1 > k, then for generic z, all critical points of z, to) are nondegenerate 

and the critical set consists of w{m,k) T,k~orbits. 

3. If \m\ — k +1 = k or |m| — k + 1 < 0, then for any z, the function z, to) has no critical 

points in X. 


Thus, for generic z, the skew-symmetric cohomology group H[ i 1 (X; C) is nontrivial if and only if 
the master function z, m) has critical lines. Moreover, the dimension of C) is equal 

to the number of critical lines. Note also that the behavior of the critical set of $k,n{t', z, to) differs in 
cases ^ (isolated critical points) and (no critical points) of Theorem 1.2, while the skew-symmetric 
cohomology Hf(X\ C) vanishes in all dimensions except q = k in both cases. It would be interesting 
to determine if these cases are reflected in cohomological properties of the local system £. 

For an arbitrary arrangement A of N hyperplanes in C k , the set of complex rank one local systems 
on the complement X(A) may be realized as the complex torus (C*)^ = H 1 (X(A); C*). The 
correspondence is given by C r = (... th • • ■) G (C*)^, where th is the monodromy of £ = £(r) 
about the hyperplane H of A. Generically, the local system cohomology vanishes, except possibly 
in the top dimension, H q (X(A); C) = 0 if q ^ k. Call these local systems nonresonant. The local 
systems for which the cohomology does not vanish (for q 7 ^ k) are called resonant, and correspond to 
elements of the cohomology jumping loci, V q (A) = {r G ( C*) N \ dimH q (X(A); C(t)) > p}, which 
are known to be are unions of torsion-translated subtori of (C*) N . 

The first cohomology jumping loci, Vp(A), have been the subject of a great deal of recent at¬ 
tention, and are to some extent understood. There are, for instance, combinatorial algorithms for 
determining the components passing through the identity in (C*)^, see II- Less is known about 
the higher jumping loc i V q (A) for 1 < q < k. In the case where A = Ak, n is a discriminantal 
arrangement, Theorem 1.1. ij provides new examples of resonant local systems, that is, nontrivial 
elements of the varieties V q (Ak, n ) for q = k — 1 , k, 1 < p < w(m, \m\ — k + 1 ), and arbitrary k. 
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This note is organized as follows. Some results on the local system cohomology of the comple¬ 
ment of an arrangement, including a strengthening of a particular case of Theorem |hl]0, are given 
in Section [|. See 10 as general references in this context. In Section |j, we discuss the relationship 
between the skew-symmetric local system cohomology of the complement of a discriminantal ar¬ 
rangement and the representation theory of sL, and reformulate Theorem 1.1 in terms of the latter 
in Theorem 3T. After a number of preliminary results are established in Section the proof of 
Theorem 3.1 is given in Section^. 


2. Local system cohomology 

Choose coordinates t = on C fe , and let A be an arbitrary arrangement of N hy¬ 
perplanes in C k , with complement X = X(A) = C k \ Assume that A contains k lin¬ 

early independent hyperplanes. For each hyperplane H of A , let fn be a linear polynomial with 
H = {t € (C fc | fn{ t) = 0}, and let uh = dlogfp denote the corresponding logarithmic one-form. 
Let A = (... Xh • • ■) S C n be a weight vector, where Xh € C corresponds to H £ A. Associated 
to A, we have 

(1) a flat connection on the trivial line bundle over X , with connection form V = d + u\/\ : 

fl° —> Q 1 , where d is the exterior differential operator with respect to the coordintes t, 
u\ = ^ an d ^ q is the sheaf of germs of holomorphic differential forms of degree 

q on X; 

(2) a rank one representation p : 7Ti(X) —> C*, given by p{"/h) = t + H = exp(—2-7ri A^), where 
7 # is any meridian loop about the hyperplane H of A; and 

(3) a rank one local system C = C\ on X associated to the flat connection V (resp., the repre¬ 
sentation p). 

Let A(A) be the Orlik-Solomon algebra of A , generated by one dimensional classes ap corre¬ 
sponding to the hyperplanes of A. It is the quotient of the exterior algebra generated by these 
classes by a homogeneous ideal, hence a finite dimensional graded C-algebra. The weight vector A 
determines an element a\ = YZh^a A h clh £ A 1 (A). Since a\ A a\ = 0, multiplication by a\ defines 
a differential on A(A). The resulting complex (A*(A), a\ A) may be identified with a subcomplex of 
the twisted de Rham complex of X with coefficients in C via an | —> u >h■ 

An edge of an arrangement A is a nonempty intersection of hyperplanes in A. Associated to each 
flag F of edges of A and the weight vector A, there is an element of the Orlik-Solomon algebra and 
a corresponding logarithmic flag form ftp- If F = (F q C F g _i C • • • C F 2 C Fi) is a flag of edges of 
A with codim Fj = j for each j. then 

(2.1) fip = AA 'y ^ Xhloh A • • • A E A h^h- 

F 2 CH F q CH 

An edge is dense if the subarrangement of hyperplanes containing it is irreducible: the hyperplanes 
cannot be partitioned into nonempty sets so that, after a change of coordinates, hyperplanes in 
different sets are in different coordinates. Let Aoo = A U be the projective closure of A , the 
union of A and the hyperplane at infinity in CP fe . Set A; an d Xp = Y^lch 
for an edge L. 

Theorem 2.1 ([0). Let C be the rank one local system on the complement X of A corresponding 
to the weight vector X. 

1. If Xl Z>o f or every dense edge L of Aoo, then H*(X\C) = H*(A*(A), a\ A). 

2. If Xl £ Z>o for every dense edge L of Aoo, then H q (X\ C) = 0 for q ^ k and dim H k (X ; C) = 
Ix(A’)!, where x(A') is the Euler characteristic of X. 

Remark 2.2. Call two weight vectors A and p equivalent, and write A = p, if A — p is an integer 
vector. Note that if A = p then exp(—27r i Xj) = exp(—27ri pj) for each j, so A and p give rise to 
the same rank one local system C on A". Consequently, if C is the local system corresponding to A, 
and A is equivalent to a weight vector which satisfies the conditions of Theorem 
H q (X- C) = 0 for q ^ k. 


2.1.2 above, then 
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Now let A = Ak, n be a discriminantal arrangement, and A the weight vector corresponding to 
the master function z,m) of 0 ) and k £ C*. Explicitly, the weight of the hyperplane Hi 

is \1 = — rrij/n , and the weight of H i ; j is A jj = 2 / n. Denote the corresponding local system by C K 
to indicate the dependence on k. The following is an immediate consequence of Theorem 00- 

Proposition 2.3. For generic n, we have H* (X(Ak, n )', £ K ) — H* (A*(Ak, n ), o,\A)■ 

Remark 2.4. For an arbitrary arrangement A of N hyperplanes in C k , the resonance varieties of 
A are the cohomology jumping loci, Rf(A) = {A € C N | dim H q (A* (.4), a\ A) > p }, of the Orlik- 
Solomon complex, see The variety Rf(A) coincides with the tangent cone of the cohomology 
jumping locus Vp(A) at the identity in (C*)^, and is consequently a union of linear subspaces of 
C N , see for instance Q. 

Explicit combinatorial descriptions of the first resonance varieties R p (A) may be found in ||, |5|. 
Less is known about the higher resonance varieties R p (A) for 1 < q < k. In the case where 
A = Ak, n is a discriminantal arrangement, and the weights A correspond to the local system C K 
for generic k, the local system cohomology is isomorphic to that of the Orlik-Solomon complex by 
Proposition 2.3. Hence, Theorem |l. l[ |i| provides nontrivial elements of the varieties R q (A k ,n) for 
q = k — 1, fc, 1 < p < w(m, \m\ — k + 1), and arbitrary k. 

The next result strengthens Theorem Ql in the case \m\ — k + 1 > k. 

Theorem 2.5. If \m\ — k + 1 > k and k is generic, then H q (X(Ak,n)\£*,) = 0 for q ^ k and 
dimH k (X(A k , n )',£ K ) = {n + k- 2 )\/(n - 2)! 

Proof. Note that \x(X(Ak, n ))\ = (n + k — 2)!/(n — 2)!. 

If k = 1, then Ai. n is an arrangement of n points in C. In this case, the condition \m\ — k+ 1 > k 
insures that mj ^ 0 for some j, 1 < j < n. For any k for which mj/n is not an integer, the local 
system C K on X(Ai, n ) is n ontr ivial, and dimi L 1 (X (Ali, ra ); T K ) = n — 1. 

For k > 2, by Theorem 2.1 | and Remark |2.2| , it suffices to show that there is a weight vector 
p equivalent to A for which Z>o for every dense edge L of Aoo, where Aoo is the projective 
closure of the discriminantal arrangement Ak, n • We will show that there are integers a±,... ,a n , so 
that the weight vector p given by pi = aj — A 1 = aj — mj/n and pij = A ij = 2/k satisfies these 
conditions. 

Denote the hyperplanes of A^o by Hf, Rip, and H^. The dense edges of Aoc may be described 
as follows. For I C [ k} and j G [n], let L/ = fj p qeI H PA and L\ = fj i£j H{. If |/| = 1, set L/ = C k . 
For 0 ^ J C [n], set Lj = flj-gj C* ne can check that the dense edges of Aoc, and their weights 
with respect to p, are then given by 


dense edge L 

(a) Li, I C [k], \I\=l, 2 <l<k 

(b) Linh, je[n], IC[k], \I\=l 

(c) Hoc 


weight pl 
l{l - 1 )/k 

laj +1(1 — mj — 1 )/k 
k(\m\ —k+l)/K — k\c 


(d) Hoc n if 1 , i£ [k] 


(k — l)(|m| — k)/n — (k — 1) |c 


(e) Hoo fl Lj fl Li, I C [fc], |/| = l, 2 < l < fc (k — i)(|m| — fc + 1)/k + l\m J \/n — fc|a| + ^|aj| 
J C [n], j J\ > 2 

In (e) above, we use the notation |m J | = |m| — an d l a j| = 'f2j£j a j- 

Now assume that |m| — fc + 1 > fc and that n is generic. These conditions imply that the weights 
in (a), (c), (d), and (e) above are not integers, for any choice of a = (a i,..., a n ). Choosing aj = — 1 
whenever 1 < mj < k — 1 insures that the weights in (b) are not in Z>q. The result follows. □ 





DISCRIMINANTAL ARRANGEMENTS 


5 


3. SKEW-SYMMETRIC COHOMOLOGY AND sl 2 REPRESENTATIONS 

We now turn to the skew-symmetric cohomology groups £«), and their relation to 

representations of sl 2 . 

For a £ C, let M a be the corresponding Verma module, the infinite dimensional sI 2 -module 
generated by the vector v a , where ev a = 0 and hv a = av a . The vectors {f k v a \ k > 0} form a basis 
for M a , and the s[ 2 action is given by 

e : f k v a ^ k(m - k + l)f k ~ 1 v a , f : f k v a f k+1 v a , h:f k v a ^(m-2k)f k v a . 

Recall |Q that the Shapovalov form is the symmetric bilinear form S a on M a defined by S a (v a ,v a ) = 
1, S a (hx,y) = S a (x, hy) and S a (fx,y) = S a (x,ey) for all x,y £ M a , and 


S(f k v a J l v a ) 


k\ a(a — 1) ■ • • (o — A: + 1) if k = l, 
0 if k ^ l. 


Given m = (mi,..., m n ) £ Z ra , let M 0m = M mi ® ■ • ■ <g> M mn denote the corresponding tensor 
product of Verma modules. A basis for M® m is given by 


Fjv := f n v m j (g> • • • ® f 3n v mn , 

The action of sl 2 on M 0m is given by 


where J = (ji,... ,j n ) with ji > 0 for each i. 


(3.1) e : Fjv i—> E ji T l)Fj_i i u, f Fjv i > y ^ F J+u v, h . Fjv \ > (|m| ^\J\)Fjv^ 

i =1 z—1 

where J ± lj = (ji,... ,ji ± 1,... ,j n ). Let S denote the Shapovalov form S mi ® • • • <S> S m „ on M® m . 

For an s( 2 -module V and A £ C, let V[A] = {x £ V \ hx = Ax} be the weight subspace of weight 
A. For the tensor product M® m and an integer k such that \m\ — 2A: > 0, the weight subspace 
M® m [\m\ — 2k] has basis 

Fjv := f h v mi ® • ■ ■ ® f jn v mn , 

where J runs through all multiindices such that | J| = ji + ■ • ■ + j n = k with nonnegative j % . The 
dual space {M® m [\\m\ — 2k])* has the dual basis, denoted by 

(■ Fjv )* := <g> • ■ ■ <8 f Jn Vm n )*. 

Note that dim(M® m [|rn| - 2A;])* = ( n+ £“ 1 ). 

Let (M® m )* = 0 fc (M® m [|m| — 2k])* denote the restricted dual of the sI 2 -module M® m , with 
basis ( Fjv )* as above, for all relevant J. The contragredient action of sl 2 on (M® m )* is given by 


/ : ( Fjv )* h-> ^T(ji + 1 ){rrn - ji){Fj+ u v)* 


2—1 


(3.2) 


e : ( Fjv )* y ^{Fj-uvYi 

A# o 

h : (Fjv)* > (|m| — 2\J\)(Fjv)*. 

The Shapovalov form gives rise to a homomorphism of sl 2 -modules S : M® m —> (M® m )* defined by 


(3.3) 


S(Fjv) = cj(Fjv)*, where cj = JJjj! mi(m* - 1) • ■ ■ (mj - + 1). 


By Proposition 2.3, the skew-symmetric cohomology H^(X(Ak, n )', £«) is isomorphic to the skew- 
symmetric part of the cohomology of the Orlik-Solomon complex (A*(Ak, n ), «aA). By results of 
p} , this in turn is isomorphic to the cohomology of the complex 


0 —> (M® m [|w| - 2k + 2])* 


(M 0m [\rn\ - 2k])* -> 0. 


(3.4) 


/ 
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Recall that the Orlik-Solomon complex may be realized as a subcomplex of the twisted de Rham 
complex of X(Ak, n ) with coefficients in C K by identifying generators with the corresponding loga¬ 
rithmic forms. Recall also that the hyperplanes of Ak, n include H\ = {ij — Zj = 0}. 

Associated to each monomial (Fjv)* = (/■ Jl u mi <g) ■ - - (g> f^ n v mn )* in (M® m )*, there is a skew- 
symmetric logarithmic form ojj defined as follows. Given ( Fjv )*, let £j(J) = ji + • ■ ■ + ji for 
1 < i <n. Note that I n {J) = | J|, and set £q (J) = 0. Define r\j = aj rjj t i A r]j >2 A • • • A i]j tn , where 


aj 


1 

Ji! J2! • ■ • jJ 


and 


1 - Zj) ~ Zj) d(t^j) - Zj) 

t(.i- i(j)+l — z i 1 ~ z i tf-i(J) — z i 


and let uij be the skew-symmetrization of rjj. Identifying loj with the corresponding element of 
A(Ak, n ), this defines a map from (M® m [|m| — 2j])* to the Orlik-Solomon complex, 


(3.5) ( Fjv)* i > utj, 

for each j, which induces an isomorphism between the cohomology of the complex ( |l. l| ) and the 
skew-symmetric cohomology of (A*(Ak, n ), a\/\). 

The complex ( |3.4|) is located in dimensions fc—1 and k. Consequently, H k T 1 {X{Ak,n)] C K ) — ker/, 
H^_(X(Ak, n )', F,k) = coker/, and the skew-symmetric cohomology group s va nish in other dimensions, 
Hi(X(Ak, n y,C K ) = 0 for q ^ k — 1, k. The differential / of the complex (3.4) is given by the action of 
/ € sl '2 on recorded in ( |3.2| ) above. Recall from the Introduction that L® m = L mi CS>- ■ •0T mn 

is the tensor product of the irreducible sf 2 -modules L rrii , 1 < i < n, and that w(m,j) denotes the 
multiplicity of L | m j_ 2 j in 


Theorem 3.1. Let m \,..., m n G Z> 0 , and / : (M® m [|rn| —2 k + 2])* —> (M® m [|m| — 2k])*. 

1. If 0 < |m| — k + 1 < k, then the dimension of the kernel of f is dim ker / = w(m , \m\ — k + 1), 
and dim coker / = w(m, \m\ — k + 1) + (" + £ -2 ) ■ 

2. Otherwise, ker / = 0 and dim coker / = (” + ^ -2 )- 


Remark 3.2. Since the skew-symmetric cohomology H*_(X(Ak, n )\ F-k) is isomorphic to the coho 


mology of the complex (3T), Theorem IT from the Introduction is a consequence of Theorem 3T 
Consequently, the next two sections are devoted to establishing this latter result. 


Remark 3.3. If m, > k for some i, 1 < i < n, then ker / = 0 in either case of Theorem 3.1 above, 
see Theorem [0.1. Accordingly, in the case 0 < \m\ — k + 1 < k and m,; > k for some i. we have 


w(m, \m\ — k + 1) = 0, see Lemma 4.5 


For the tensor product L® m = L n 


)L mn , a basis for the weight subspace L® m [\m\ — 2k] is 
given by monomialsFju = f n vi 0 • • • 0 )ff™ v n , where /i,..., j n are integers satisfying ji + ■ ■ ■ +j n = k 
and 0 < ji < nit for each i. The map (3.3) induced by the Shapovalov form gives rise to an injective 
map of complexes 

/ 


0 


0 


L® m [\m\ - 2k + 2] 

I s 

(M® m [|m| -2k+ 2])* 


L® m [\m\ - 2k] 

I s 

{M® m [\m\ - 2k])* 


-> 0 


- 0 


where the action of / is given by (3.1) on L® m [\m\ — 2fc + 2], and by ( |3.2| ) on (AI® m [\m\ —2k + 2])*. 

As noted in the Introduction, the tensor product L® m is a direct sum of irreducible s^-modules 
of the form L| m |_ 2 j- For each such summand L a , the vector f a v of lowest weight is in the kernel of 
/. This observation yields the following. 


Proposition 3.4. The dimension of the kernel the map f : L® m [\m\ — 2k + 2] —> L® m [\m\ — 2k] is 
equal to w(m , \m\ + 1 — k) if 0 < \m\ — k + 1 < k. 


Remark 3.5. Via the embedding S : L® m [\m\ — 2k + 2] —> ( M® m [\m\ — 2k + 2])* induced by the 
Shapovalov form, this result yields a subspace of ker(/ : ( M® m [\m\ —2fc + 2])* —> ( M® m [\m\ —2fc])*) 
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of dimension w(m, |m| — k + 1 ), with basis corresponding to lowest weight vectors in the case 
0 < |m| — k+1 < k. These, in fact, form a basis for ker?/ : (M 0 m [|m| — 2k+2])* —> (M 0 m [|m| — 2k ])*), 
as asserted in Theorem [i~i]JT| and shown in Section |[ 

Identifying elements of (M 0m )* with skew-symmetric logarithmic forms using ( |3.5| ), the image 
of the embedding S : L® m [|m| — 2k + 2] —► (M 0m [|m — 2k + 2])* is realized by skew-symmetric 
flag forms, see ©• Thus, upon establishing Theorem EOS the above considerations yield a basis 
of the skew-symmetric cohomology group H’fT 1 (X(Ak, n ) m , C K ) consisting of flag forms in the case 
0 < \m\ — k + 1 < k. 


4. Preliminary results 


The purpose of this section is to establish a number of results which will be of use in the proof of 
First, we describe the matrix of the endomorphism 

/ : (M 0 m [|rn| - 2 k + 2})* -► (M 0 m [|rn| - 2k})*. 


Theorem 3.1 


Order the bases of (M 0 r "[|m| — 2 k+ 2])* and (— 2k])* lexicographically: ( Fjv)* > ( Fjv)* 
if the left-most entry in J — / is positive, where J = (j i,..., j n ) and / = (*i,..., i n ). Let A k (m) 
denote the matrix of / : (M 0 m [|m| — 2 k + 2 ])* —► (M 0 m [|m| — 2k])* with respect to these ordered 
bases, and acting on row vectors. If m = (mi, m 2 ,..., m n ), let m 1 = (m 2 ,..., m n ). 


Proposition 4.1. The matrix of f : (M 0 m [|m| —2 k + 2])* 


( Di t k(m) 

0 


A k (m) = 


Ai(m 1 ) 0 
A>,fc(m) A 2 {m 1 ) 


(M 0 m [|m| — 2k])* is given by 

0 \ 


V 


Dk-i, k {m) 

0 


^4fc_i(m 1 ) 

Dk,k ( m ) 


0 

Akim 1 )/ 

^Im 1 ! — 2q + 2 ])* —> (M 0 ml [|m 1 | — 2 q])*, D q ^{m) is the 
diagonal matrix {k — q + l)(mi — k + q) I, and 0 and I denote the zero matrix and identity matrix 
of the appropriate sizes. 


where Aqim 1 ) is the matrix of f : (M 071 


Proof. Suppose the ordered basis of (M 0 m [|m| —2 k + 2])* corresponds to the n-tuples 
J\, 15 • • • 5 J 1 ,pi: Jz,l) • • • j Jz.pi) .5 Jn, 1 ) • • • 5 Jn,p n > 

where ,7,^,..., Ji tPi correspond to those basis elements for which j 1 = • • • = j p _i = 0 and j p 7 ^ 0 . 
Then the ordered basis for (M 0m [|m — 2k])* corresponds to the n-tuples 

Jl,l + ll) • • • J Jl,pi + ll 5 J 2 ,l + ll, • • • , J2.P1 + ll).) Jn, 1 + 1 15 • • • ) Jn,p n + ll) 

<^2,1 + 12 ) • • • j J2.p1 + I2,.) Jn,l + l2> • • • j Jn,p n + I25 


Jn, 1 T 1 ni • * • ) Jn,p n T In- 

So if row i of A k {m) corresponds to the basis element ( Fjv)* of (— 2k+ 2 ])*, then column 
i corresponds to the basis element (Fj + i 1 v)* of (M 0 m [|m| — 2k])*. Hence, the diagonal entries are 
(. Ak(m)) ii = (ji + l)(mi— ji). Furthermore, since J+li > J+l 2 > > J+l n in the lexicographic 

ordering, the entries below the diagonal are (A/ S)n (m)) i . = 0 for i > j. 

Since 

fiif n Vm 1 ® ® f 3n Vm n )*) =(il + l)(mi - jl){f n+1 V mi 8 / j2 »m 2 8 ' * ' 8 

+ if J1 v mi )* 8 /((f 2 % 8 ■ ■ • 8 f Jrl v m J*), 

the fact that the (nonzero) entries above the diagonal are as asserted also follows from the above 
considerations. □ 
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Example 4.2. In the case n = 2, the matrix Ak{mi, m 2 ) has two nonzero entries in each row, and is 
given by 

/A; (to 1 — fc + 1) m 2 \ 


(fc — * + l)(mi — k + i) z(m 2 — * + 1) 


V 


mi fc(m 2 — fc +1)/ 


Using this, an exercise in linear algebra reveals that dimker v4 2 (mi,m 2 ) = 1 if 0 < mi, m 2 < k and 
0 < mi + m 2 — k + 1 < fc, and that ker j4fe(mi, m 2 ) = 0 otherwise. It is readily checked that this is 


the content of Theorem 3.1 in the case n = 2. 


For any n, Proposition 4.1 has the following consequence, which may be established using ele¬ 
mentary row and column operations. 


Corollary 4.3. Assume that mi = k — p for some p, 1 < p < k. Then the matrix Ak{m) of 
f : {M® m [\m\ — 2k + 2])* —> (M® m [|m| — 2k])* is equivalent, via elementary row and column 
operations, to 

(\ Ai{m}) \ 

I Ap-^m 1 ) 

0 A p (m}) 

I A p+ i(m}) 

\ I Ak (m 1 )/ 

Next, we record some properties of the multiplicity w(m,j) of the irreducible representation 
L\ m \- 2 j in the tensor product L® m . Let m = {mi, m 2 , ■ ■ ■, m n ), and assume without loss of generality 
that 0 < mi < m 2 < • • • < m n . Recall that m 1 = {m 2 ,..., m n ). Let r, r 1 £ Z be maximal so that 
|m| — 2r > 0 and | m 1 ] — 2r* > 0. For n > 3, one can show that r 1 > mi. 

Lemma 4.4. For n > 3, the multiplicity w{m,j) of in L® m satisfies 

! w{m 1 , 0) + • • • + w{m x ,j — 1) + w{m},j) if 0 < j < m\, 

w{m 1 ,j — mi) + • • ■ + w{m}, j — 1) + w{m} ,j) if mi < j < r 1 , 

^(m 1 , j — mi) + • • ■ + w{m}, \ m 1 j — j — 1) + w{m x , \m 1 \ — j) if r 1 < j < r. 

Proof. This is an elementary, albeit delicate, exercise using the fact that if a < b are nonnegative 
integers, then L a ®L b = ©“ =0 L a+b _ 2i = L a+b © L a+b _ 2 © ■ • • © L b _ a . □ 


Lemma 4.5. If 0 < |m| — k+1 < k and there exists an i for which mi > k, then w{m, \m\ — fc+1) = 0. 
Note that if |m| — k + 1 < k, there can be at most one i for which mi > k. 


Proof. Let m = {mi ,..., m n ). The proof is by induction on n, with the case n = 1 trivial. The case 
n = 2 is also known to hold, as noted in Jll[ . 

For general n > 3, assume that mi < m 2 < • • • < m n _ 1 < k < m n . Take j = \m \ —fc+1, 0 < j < k 
in each of the three cases in Lemma 4.4 above. Write mi = fc — p, so |m 1 1 = |m| — mi = |m| — fc +p. 
If 0 < j < mi , then 


\m 1 \-p+l= j, \m}\ - {p+ 1) + 1 = j - 1, 


Ira 


~{p+j) + 1 = 0 . 


Since | m 1 ] — {p + j) + 1 = 0 and j < mi < r 1 , we have | m 1 ] = p + j — 1 > 2r 1 > 2mi > 2j. 
So p — 1 > j and p > j. It follows that 0 < \m 1 \ — {p + i) + 1 < p + i for i = 0,1,... ,j. So 
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by induction, w(mf , | m 1 — (p + i) + 1) = w(m 1 ,j — i) = 0 for i = 0,1,... ,j. Thus w(m,j) = 
w(mr,j) + w{mr ,j — 1) + • • • + w(mr, 1) + w{mr, 0) = 0 if 0 < j < mi. 

If mi < j < r 1 , then 

\m 1 \—p+l=j, Im 1 ] — (p+l) + l = / — 1, ..., \mr\ — (fc —1) + 1 = j — mi + 1, \mr\ — fc + 1 = j — m\. 

are all nonnegative. Since I777. 1 1 — fc+1 = j—rrii and/ < r 1 , we have |m 1 = j — mi + k — 1 > 2r 1 > 2/. 
So p — 1 > j and p > j. It follows that 0 < | mf\ — (p + i) + 1 < p + i for i = 0,1,..., k — p. 
So by induction, w(m}, Im 1 ) — {p + i) + 1) = w(m^,j — i) = 0 for i = 0,1 ,... ,k — p. Thus 
w(m,j) = w{mr,j) + w(mr,j — 1) + • • • + w(mr,j — m\ + 1) + wljn 1 , j — mi) = 0 if m\ < j < r 1 . 
If r 1 < j < r, then 

\m 1 \ — k + 1 = j — mi, Im 1 ! — (fc — 1) + 1 = j — mi + 1, Im 1 ) — (k — \m\ + 2j) + 1 = \m}\ — j. 

Since |m| — fc + 1 = j, we have fc + j — |m| = 1. The condition r 1 < j implies that 2 j > Im 1 !- 
It follows that fc — |m| + 2 j — \m 1 ] + j > 0, that is, fc — |m| + 2 j > Im 1 ! — j. From this, we 
obtain 0 < Im 1 ! — (fc — z) + 1 = j — m\ + i < k — i for i = 0,1,..., |m| — 2 j. So by induction, 
w(mr, Im 1 ! — (fc — z) + 1) = w(mr,j — mi + z) = 0 for z = 0,1,..., |m| — 2 j. Thus w(m,j) = 
w(mr, j — mi) + ■ ■ ■ + w{mr, | m 1 \ — j — 1) + ^(m 1 , |m 1 ) — j) = 0 if r 1 < j < r. □ 


5. Proof of Theorem 3.1 


With the results of the previous sections at hand, we prove Theorem 3.1 


Theorem 5.1. Let mi ,..., m n £ Z>o, and f : (M® m [|rn| - 2fc + 2])* (M® m [|rn| - 2fc])\ If 

1. mi > fc for some i, 1 < z < n, or 

2. \m\ — fc + 1 < 0, or 

3. jmj — fc + 1 > fc, 

then ker / = 0 and dim coker / = (" + £~ 2 ) ■ 


Note that Theorem 3.1.2 follows from this result. 


Proof. We will show that ker / = 0 in each of the three cases above separately. Proposition 4.1 
facilitates elementary proofs of cases |l| and |[ 

In case |l], where m; > fc for some z, we may assume without loss of generality that mi > fc. In 
this instance, each of the diagonal matrices D q k(m) = (fc — q + l)(mi — fc + g)I occuring in the 
matrix Ak(m) of / is invertible. It follows immediately that ker/ = 0. 

In case|^, where |m| — fc + 1 < 0, the proof is by double induction on fc and n. The result holds 
trivially for n = 1 since Ak(m) = fc(mi — fc + 1) ^ 0 if \m\ = mi < fc — 1. For m; > 0, the condition 
|m| — fc + 1 < 0 is vaccuous if fc = 1, but the assertion holds for fc = 2 and any n, as is readily 
checked. 

In general, write mi = fc — p for some p, 1 < p < fc. Then the matrix Ak(m) is of the form 


(Di t k A 1 (m 1 ) 


(5.1) 


\ 


Dp—i,k Ap— i (m ) 


Ap{m}) 


D 


p-\-l,k 


Ap+iim 1 ) 


\ D k ,k Akim 1 )) 

where D q k = D q ^k{m) = (fc — q + l)(mi — fc + g)I is nonzero if q ^ p. Since mi = k — p and 
|m| —fc + 1 < 0, we have Im 1 ) — q + 1 < 0 for p < q < fc. So ker Aqfjri 1 ) = 0 for each such q by 
induction. The result is obtained from these observations as follows. 
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Suppose V = (vi 


Vp-1 


Vk ) is in ker Ak(m). Then from the invertibility of 


-D g ,fc(m) for q < p, we successively get Vi = 0, V 2 = 0, v p -i = 0. Similarly, from the in¬ 
vertibility of D q ^k(m) for q > p and the fact that ker A^n 1 ) = 0 for p < q < k, we successively get 
Vk = 0, v k -i = 0, ..., v p = 0. 

In case |], where |m| — k + 1 > k, recall from Section |] that the kernel of / is isomorphic to 
H k X 1 {X ( Ak, n )'i £ k ), the skew-symmetric part of the (k — l)-st cohomology of the complement of the 
discriminantal arrangement Ak,n with coefficients in the local system induced by (&k,n(t; z, m)) l ^ K 
for generic n. If \m\ — k + 1 > k, the local system cohomology H k ~ 1 (X(Ak, n )', £«) vanishes by 
Theorem 2.5. Hence, in this instance, ker / = H k ~ 1 (X(Ak, n )', £ K ) Q H k ~ 1 (X(Ak, n )', £«,) =0. □ 


It remains to prove assertion [I] of Theorem |3.l[ 

Proof of Theorem^ll^ Since dim(M® m [|m| — 2 j])* = ( n+J A 1 ), we must show that 

dimker(/ : (M® m [|m| — 2 k + 2])* —> (M® m [|m| — 2fc])*) = dimker Afc(m) = w(m , |m| — k + 1) 


if 0 < \m\ — k + 1 < k. By Proposition |TJ and Remark |3.5| , ker / = kerAfc(m) contains a subspace 
of dimension w(m, \m\ — k + 1) generated by flag forms. Thus, dimker Afc(m) > w(m 7 |m| — k + 1), 
and to establish the result, it suffices to show that dimker Afc(m) < w(m, \m\ — k + 1). 

The proof is by double induction on k and n. The result hol ds for n = 1,2 and any k , and also 
for k = 2 and any n by direct calculation, see Proposition 4.1 and Example 4.2. (The condition 
0 < \m\ — k + 1 < k is vacuous for k = 1.) So assume that k > 3 and n > 3. 


If mi > k, then ker / = 0 by Theorem pdj.pl and w(m 1 \m\ — k + 1) = 0 by Lemma 4.5. So assume 
that 0 < mi < k, and write p = k — mi. Then the matrix Ak(m) of / : (M® m [|m| — 2k + 2])* —► 
(M® m [|m| — 2fc])* is as given in the proof of Theorem O! see (|5.l| ). Since the diagonal matrix 
Dq,k = D qi k(m) = (k — q+l)(k — q — mi)I is invertible for q ^ p, any nontrivial element of ker Ak(m) 
is necessarily of the form 

(5.2) v = (0 ■ • • 0 v p v p+ 1 • • • v q 0 • ■ • 0) , 

where v q € kerd g (m 1 ) for some q > p. It follows that 

k 

(5.3) dimkerAfc(m) < dim ker A q (m 1 ). 

q=p 

In particular, if mi = 0, then all elements of ker Ak(n) are of the form v = (0 • • • 0 vA , 

where Vk £ kerdfc(m 1 ). Thus, 

dimker Afc(m) = dim ker Ak{m x ) = w(mr , | m}\ — k + 1), 


the last equality by induction. Since mi = 0, we have w(m, \m\ — k + 1) = w(m 1 , 
which completes the proof in this instance. 


— fc + 1), 


For 0 < mi < k , we consider the three cases specified in Lemma 4.4. Assume without loss that 


0 < mi < m 2 < • • • < m n . Let r, r 1 £ Z be maximal so that |m| — 2r > 0 and \mf\ — 2r 1 > 0. Since 
n > 3, we have r 1 > mi. Write |?7?.| — k + 1 = j. Since p = k — mi , we have 


\-p+l = j, \m 1 \-{p+l) + l= j-l, 


i 1 |-(fc-l) + l = j — (mi — l), \mf\ — k + \ = j —mi. 


First, c ons ider the case 0 < j < mi. In this instance, we have |m 1 1 — q + 1 < 0 for p + j < q < k. 
Theorem [T~i] P implies that ker A q {m x ) = 0 for these q. For q = p + i, 0 < i < p + j, we have 
\m} \ — (p + i) + 1 = j —i. Since | m 1 1 — (p+j) + l = 0 and j < mi < r 1 , we have \m x \ = p + j — 1 > 
2r x > 2mi > 2 j. So p — 1 > j and p > j. Thus, 0 < \m 1 \ — (p + i) + 1 < p + i for 0 < i < j. 


Hence, by induction, dim k er A rJ+i (rri 1 ) = w(m 1 
Consequently, in this case, (5.3) yields 


— (p + *) + 1) = ^(m 1 , j — i) for 0 < i < j. 


3 

dimkerAfc(m) < dim ker Ap+^m 1 ) = ^^^(m 1 ,j — i) = w(m,j ) 

i=0 


i=o 
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by Lemma 4.4. Hence, dimker Aj,(m) = w(m,j ) = w{m 1 \m\ — k + 1). This completes the proof in 
the case 0 < j < mi. 

Next, consider the case mi < j < r 1 . In this instance, \m 1 \ — (p + i) + 1 is nonnegative for 
each i, 0 < i < mi. As above, the condition j < r 1 implies that p > j, and it follows that 
0 < \mr \ — (p + i) + 1 < p + i for i = 0,1,..., k — p = m\. So, by induct ion , dimker A p+ i (m 1 ) = 
w(m}, | m 1 ] — (p + i) + 1) = w(mr,j — i ) for 0 < * < m\. In this instance, (AS) yields 


dimkerAfc(m) < dimker ^(m 1 , j — i) = vu(m,j) 


i=0 


i=o 


by Lemma 4.4. Hence, dimker Ak{m) = w(m,j ) = w{m , \m\ — fc + 1). This completes the proof in 
the case mi < j < r 1 . 

Finally, consider the case r 1 < j < r. Note that 2 j — | m x \ > 0, since j > r 1 . This, and 
j = |m| — k + 1, implies that | m 1 1 — (k — i) + 1 < k — i for 0 < i < |m| — 2 j, since 

k—i—(\m 1 \ — (k—i)+l) = k—j+mi—2i > k— j+mi— 2|m|+4_) = k+j — \m\+2j — \m 1 \ = l+2j — \m 1 \. 

By induction, dimker = w(mr, \m x \ — (/: — *) + 1) for 0 < i < \m\ — 2j. Furthermore, 


\m\-2j \m\—2j 

w{m}, \m 1 1 — (fc — i) + 1) = w(m} ,j — mi + *) = w(m, j), 

i =0 i—0 


by Lemma 4.4. So in this instance, (5.3) yields 


\m\-2j mi 

dimkerAfc(m) < dimker Ak~i{m}) + dimker A^-iim 1 ) = w(m,j) + d, 

2—0 i=\m\- 2 j-\-l 


where d = YT=\m\- 2 j+i dimker Ak-iim 1 ). 

It may be the case that kerA^-^m 1 ) contains nontrivial elements for \m\ — 2j + 1 < i < mi, 
yielding d ^ 0. However, we assert that these ele ments do not contribute to kerAfc(m), that is, 
dimker Afc(m) = ui(m, j). For this, recall from (5.2) that any element of ker Ak(m) is of the form 


= (o 


0 Vr> 


V q 0 


0), 


where v q £ ker A g (m 1 ) for some q > p. Let K denote the subspace of ker Afc(m) generated by all 
such vectors for which q = k — i and 0 < * < |m| — 2j. Since j = |m| — k + 1, we have q > j + 1 for 
vectors v £ I\. 

Suppose that u £ ker Ak{m) and u ^ K. Then, u = (0 • ■ • 0 u v • • • u q 0 • ■ • 0) with 
q < j■ We will show that such an element u £ ker Ak{m) is necessarily trivial. Let A J k {m) be the 
submatrix of Ak(m) given by 


/-Di.fe A i (m 1 ) 


\ 


A J k (m) = 


■Dp—l,k Ap—i (tyi ) 

0 Apipi 1 ) 

Dp~\~A.p-\-i(rfi ) 


D j:k Ajim 1 )) 


\ 










12 


D. COHEN AND A. VARCHENKO 


Let U = (O 


u q J, and note that u € ker A k (m). As in Corollary 4.3, the matrix 


m) is equivalent, via elementary row and column operations, to the matrix 


/I Ai(m 1 ) 


A 3 k (m) = 


A p _i(m 1 ) 

0 


A p {m}) 

I 


4 p +i(m 1 ) 


V 


I Ajirn 1 )) 


Let m = (mi,TO2 ,... ,m n ), where mi = j — k + mi and m, = rrii for i > 2. Note that the 
condition j > r 1 implies that j — k + mi > 0. By Corollary [4.3[ the matrix Aj(fh ) is equivalent to 
the matrix A J k (rn) above. Now |m| — j + 1 = j, so by Theorem [5. llfl the kernel of Aj(m) is trivial. 
Hence, the kernel of A k (m) is also trivial, and u = 0. Consequently, u = 0, and K = ker Ak{m) as 
asserted. Thus, dimker Ak(m) = dirn/v = w(m,j) = w(m, \m\ — k + 1). This completes the proof 
in the case r 1 < j < r. □ 
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